A lower bound for the independence number of a planar graph  by Albertson, Michael O
JOURNAL OF COMBINATORIAL THEORY (B) 20, 84-93 (1976) 
A Lower Bound for the Independence 
Number of a Planar Graph 
MICHAEL 0. ALBERTSON 
Department of Mathematics, Smith College, Northampton, Massachusetts 01060 
Communicated by W. T. Tutte 
Received July 2, 1974 
A subset of the vertices of a graph is independent if no two vertices in the subset 
are adjacent. The independence number m(G) is the maximum number of vertices 
in an independent set. We prove that if G is a planar graph on N vertices then 
4--3/N > W’. 
1. INTRODUCTION 
Suppose G is a simple graph with N vertices. A subset H of the vertices 
of G is independent in G if no two vertices in H are adjacent in G. The 
independence number al(G) is the maximum number of vertices that can 
be in any independent set. The chromatic and independence numbers of 
a graph are related in the following way. Suppose the vertices of G are 
colored in I colors. Since the set of vertices assigned a fixed color is 
independent, a(G) is at least N/r. If G is planar the Five Color Theorem 
implies that ol(G)/N > l/5. ErdBs [2] has suggested that the inequality 
ol(G)/N > l/4 for planar graphs might be more successfully attacked than 
the Four Color Conjecture. The goal of this paper is to prove the following 
theorem. 
THEOREM. If G is a planar graph then ol(G)/N > 219. 
Unfortunately the method of proof is quite roundabout. In section 2 
we show that a minimal counterexample to the theorem cannot contain 
any of a list of subgraphs which we call forbidden. In section 3 we derive 
inequalities concerning the numbers of various types of vertices that can 
exist in a planar triangulation which contains none of the forbidden 
subgraphs. Finally section 4 is devoted to a massive, ugly edge counting 
which demonstrates that every triangulation of the plane must contain 
some forbidden subgraph. 
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2. THE FORBIDDEN SUBGRAPHS 
A planar graph js 219 minimal if G has the fewest number of vertices 
of all planar graphs with a(G) < 2/9. This is analogous to the definition 
of an irreducible graph in the context of the Four Color Problem [5]. 
We assume that a 2/9 minimal graph is a triangulation; if not, edges can 
be added to make it so without increasing the size of any independent 
set. A graph F is called forbidden if no 219 minimal graph can contain F 
as a subgraph. 
Generally we shall demonstrate that a graph F cannot be a subgraph 
of a 2/9 minimal graph G by constructing a smaller graph G’. Assume G 
has N - q vertices. Since G is 2/9 minimal there exists H’, an independent 
set of the vertices of G’, with #(H’) >, 2/9(N - q). From H’ we construct 
H, an independent set of the vertices of G, with #(H) = #(IT) + p. 
The constructions will be arranged so that p/q > 2/9. Thus a(G) > 
or(G) + p > 2/9N contradicting the 2/9 minimality of G. 
LEMMA 1. A vertex of degree 3 is forbidden. 
Proof. Suppose V, is a vertex of degree 3 in a 2/9 minimal graph G 
with neighbors V, , V, , and V, . Set G’ = G - V, - V, - V, - V, . 
If H’ is independent in G’ then H = H’ + V, will be independent in G. 
LEMMA 2. A vertex of degree 4 is forbidden. 
Proof. Suppose V, is a vertex of degree 4 in a 219 minimal graph G 
with neighbors V, , V, , V, , and V, . 
Since G is planar some pair of the neighbors of V, are not adjacent. 
Suppose V, and V, are not adjacent. Let G’ = G - V1 - V, - V, - V, . 
In G’ connect V, with all vertices that were neighbors of V, in G. Suppose 
H’ is independent in G’. If V, is not in H’ then H = H’ + V, is inde- 
pendent in G. If V, is in H’ then H = H’ + V, is independent in G. 
We digress from forbidden subgraphs to note an elementary fact about 
2/9 minimal graphs. 
LEMMA 3. If G is 219 minimal then either N = 1 (mod 9) or 
N = 5 (mod 9). 
Proof. Suppose x is a vertex of G. Let G’ = G - x. Combining the 
inequalities o(G) > ol(G’), ol(G)/N < 2/9 and or(G’)/(N - 1) > 2/9 yields 
2N > 9a(G) 3 9a(G’) >, 2N - 2. 
Since a(G) is an integer 9ar(G) = 2N - 1 or 9oI(G) = 2N - 2 which 
implies N = 1 (mod 9) or N = 5 (mod 9). 
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The next lemma has an analog in the Four Color Problem which is 
trivial. The proof here requires three separate induction steps to handle 
six cases. 
LEMMA 4. A 3-cycle that is not a face boundary is forbidden. 
Proof. Suppose (V, , V2 , V,) is a 3-cycle not a face boundary. Let 
G, be the induced subgraph on the N1 vertices interior to (V, , Vz , V3) 
and let G, be the induced subgraph on the N, vertices exterior to 
(V, , V, , V,). Suppose N1 = j (mod 9), N, E k (mod 9), and 
1 <k<j<9.ByLemma3,j+k=2,7,11,or16. 
Case 1. 1 <k<j<4. 
Since G1 and G, are smaller than G which is 2/9 minimal we have 
and 
4GJ 3 2/9 K + (9 - N/9 
ci(G,) >, 2/9 IV2 + (9 - 2k)/9. 
Combining the two previous equations yields 
a(G) 3 4Gd + a(G) 3 2/9(N, + N2 + 3) + (12 - 2j - 2k)/9. 
If j + k < 6 then E(G) > 2/9 N. 
Case 2. 1 < k < 4; 5 < j < 9. 
As in Case 1. 
4-5) 3 219 Nl + (18 - W/9 and a(G,) 2 2/9 iV, + (9 - 2k)/9. 
Combining gives 
CL(G) >, a(G,) + (G,) > 2/9(% -t A$ f 3) -I- (21 - Y - 2k)/9. 
If j + k < 10 then ar(G) b 2/9 N. 
Case 3. 5 < k <j < 9. 
As before 
and 
a(G,) 2 2/9 A$ + (18 - 2j)/9. 
Thus 
ct(G,) 3 2/9 iV2 + (18 - 2k)/9. 
a(G) b a(G) + a(G) b 2/9(X + Nz + 3) + (30 - 2j - W/9. 
If j + k < 15 then cu(G) 3 2/9 N. 
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Thus if the pair (j, k) is not one of (4, 3), (7,4), (8, 3), (8, S), (9,2), 
or (9,7), independent sets in G1 and Gz will be of sufficient size to force 
a(G) > 2/9 N. The next induction step will work when k = 4 or k = 9. 
Let G, be the graph obtained by adding a vertex u to G, and edges 
connecting u to any vertex in G, that is adjacent to V, , V, , or V, in G. 
Let G4 be the induced subgraph of G on V, , V, , V, and the vertices of Gz . 
For i = 3,4 there exists an Hi independent in Gi with #(Hi) 3 219 #(GJ. 
If u is in H3 then H = H3 + H4 - u is independent in G. At most one of 
V, , V, , and V, can be in H4 . If V, is in H4 and u is not in H3, then 
H = H3 + H4 - V, is independent in G. Thus IX(G) > a(GJ + a(G,) - 1. 
Case 4. k =4. 
Since G, and G4 are smaller than G which is 2/9 minimal we have 
and 
Combining gives 
4G) > 2/g (Nz + 1) + 8/g. 
a(G) >, a(G3) + a(G4> - 1 > 2/9 (N1 + N, + 3) + IO/9 - 1 >, 2/9 N. 
Clearly if i = 4 a similar construction works, 
Case 5. k = 9. 
As above o1(G3 > 2/9 (N1 + 3) and 
Thus 
a(G) > 4Gs) + a(G) - 1 b 2/9 WI + N, + 3) + 9/9 - 1 b 2/9 N. 
We need one more induction step to dispose of the pairs (8,3) and (8, 8). 
For p = 2,3 let G( 1, p) be the induced subgraph of G on V, , V, , V, 
and the N1 vertices interior to (V, , V, , V,) with V, and V, identified. 
For q = 2,3 let G(2, q) be the induced subgraph of G on V, , V, , V, 
and the N, vertices exterior to (V, , V, , V,) with V, and V, identified. The 
vertex that arises from identifying V, and Vi will be labeled V(1, i). 
Suppose H(i,j) is independent in G(i,j) (i = 1,2;j = 2, 3). What we 
wish to show is that there is a set H independent in G with #(H) > 
#(H(l, 2)) + #(H(2, m)) - 1 for I = 2 or 3 and m = 2 or 3. If V(l,2) and 
V, are not in H(1,2) and V, is in H(2,2), then H = H(1,2) + H(2,2) - V, 
is independent in G. If V( 1,2) is in H( 1,2) and H(2,2) then H = H( 1,2) - 
T/(1,2) + H(2,2) - V(1,2) + V, is independent in G. If V, is in both 
H(l, 2) and H(2,2) then H = H(1, 2) + H(2, 2) - V3 is independent 
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in G. Thus we may assume V(1, 2) is in H(1, 2) and V, is in H(2, 2). 
Consider G(1, 3) and G(2,3). As above we may assume that V(1,3) is in 
H(1, 3) or H(2, 3) and V, is in the other. If V(1, 3) is in H(1, 3) then 
H = H(2,2) - V, + H(1, 3) - V( 1, 3) + V, is independent in G. If 
V(1, 3) is inH(2, 3) then H = H(2, 3) - V(1, 3) + H(1,2) - V(1, 2) + V, 
is independent in G. Thus for some p = 2,3 and q = 2,3 
a(G) > a(Gtl, PI> + 4WL 4)) - 1. 
Case 6. j = 8. 
Since G(i, j) is smaller than G which is 219 minimal we have 
and 
a(G(1, PI) B 2/g WI + 2) + 7/g 
4G(2,q)) 2 2/g (4 + 2). 
Combining gives 
a(G) 3 4Gt1, ~1) + dGC& 4)) - 1 
2 2/9 (iv1 + Iv, + 3) + 9/g - 1 3 2/w. 
Thus 3-cycles in 2/9 minimal graphs must be face boundaries. We crucially 
need this for the following lemma. 
LEMMA 5. Suppose VI , V, , V, and Vz , V, , V, are triangles with the 
common edge (V, , V,). If deg(V,) = 5 and deg( V4) < 6 then the graph 
on V, ,..., V, and their neighbors is forbidden. 
Proof. Figure 1 shows the graph in the case where deg(VJ = 6. We 
may assume V, is distinct from V, ,..., VI, . If not, either Vs , V, , V, form 
a 3-cycle that is not a face foundary or deg(V,) = 4. Similarly we may 
assume that V, is distinct from V8 ,..., VI, and V, and VI, (VI, if 
deg(V,) = 5) are distinct from V, , V, , V, . Further we may assume that 
V, is not adjacent to V, and that V, is not adjacent to VI, (VI, if 
deg(Vk) = 5). Form G’ from G by deleting VI , V, , V, ,..., VI, ; ,adding 
edges from V, to all vertices that are neighbors of V, , V, , or V, in G; 
and adding edges from Vs to all vertices that are neighbors of V, ,..., VI, . 
Suppose H’ is independent in G’ . If both V, and V, are not in H’ then 
H = H’ + VI + V, is independent in G. If V, is in H’ then 
H = H’ - V, + V, + V, + V, is independent in G. If V, is in H’ then 
H = H’ - V, + VI + V, + VI, (VI0 if deg( V,) = 5) is independent 
in G. 
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FIGURE 1. 
3. VERTEX RESTRICTIONS IN 2/9 MINIMAL GRAPHS 
In a triangulation of the plane suppose Ni is the number of vertices 
of degree i and Nii is the number of vertices of degree i with exactly j 
neighbors of degree 5. In a 219 minimal graph Nj = 0 for i < 4. Thus 
N= c Nj. (1) 
i>5 
Since a triangulation of the plane contains 3N - 6 edges 
6N - 12 = c iNi. 
i>6 
Combining (1) and (2) and solving for N5 yields 
N5= 12+ C(i-6)Ni. 
i>7 
(2) 
(3) 
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For the remainder of this paper we shall use x and m to denote the degrees 
of various vertices with the convention that x > 6 and m 3 7. We wish 
to count every edge in a 219 minimal graph G twice. As a contrivance 
we replace each edge of G with two directed edges, one in each direction. 
We then classify one of these directed edges from say a vertex of degree 5 
to a vertex of degree at least seven by the notational device 5 + m. 
LEMMA 6. 
3NS2 + 4NS1 + 5N,, = 2 cjNij . (4) 
i>6 i 
Proof. The left-hand side of (4) is the number of edges of the form 
5 + x while the right-hand side of (4) is the number of edges of the form 
x --f 5. 
LEMMA 7. A vertex in a 219 minimal graph must be adjacent to at least 
as many vertices of degree m as vertices of degree five. 
Proof. Immediate consequence of Lemma 5. 
LEMMA 8. 
Proof. The left-hand side of (5) is less than or equal to the number 
of edges of the form 6 --f m. The right-hand side of (5) counts all edges 
from a vertex of degree m that either do not go to a vertex of degree 5 
or are not forced (by Lemma 7) to go to another vertex of degree m. 
LEMMA 9. 
Ns2 + 2/3NS1 d 113 1 cjlv,, (6) 
i27 j 
Proof. The left-hand side of (6) is less than or equal to a third of the 
number of edges of the form 5 + m. The right-hand side of (6) is exactly 
a third of the number of edges of the form m -+ 5. 
4. COUNTING THE EDGES 
We now count twice the number of edges in a 219 minimal graph G. 
We affect this double counting by counting the directed edges introduced 
in the previous section. The number of edges of the form 5 + anything 
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is 5N, . The number of edges of the form x -+ 5 is 3Nb2 + 4Ns1 + 5N,, . 
The number of edges of the form 6 + x is 4N,, + SN,, + 6N,,. The 
number of edges of the form m -+ x is 4N,3 + SN,, + 6N,1 + 7N,,, + 
Lx, Ci (i -3 N,j . 
Thus we know 
2E = 6N - 12 2 SN, + N51 + 2Nb0 + 4N,, + 5N,, + 6N6,, + 4N,3 
+5%,+6N,,+7N,,+ cc(i-j)N,j. 
i>8 j 
Playing with the subscripts yields 
6N - 12 3 8N, + N51 + 2N,, + 4N.9 + 5N61 + 6N,, + 4N,3 + 3N,2 
+ 2N,, + 
( 
2N,2 + 4N,1 + 7N,, + c C (i - 2j) Nij 
i>8 j 
+ c cjNij 
ias j 
By Lemma 8 we have 
6N - 12 >, 8N, + N51 + 2N50 + 4N,, + 5Ne1 + 6N,, + 4N,3 + 3N,2 
+ 2N,, i- (4N,, + 2N,J + c 1 jNii . 
i>8 j 
Fiddling again 
6N - 12 b SN, + N51 + 2N50 + 6N, + N,s + N,z + N,I 
t 
( 
2Ne2 + NG1 + 3NT3 + 2NT2 + N71 + C C jNij . 
i>0 9 1 
By Lemma 6 
6N--~>~N,+N,,+~NK,+~N,+N,,+N,,+N,, 
+ (3N52 + 4N51 + 5N,,J. 
Ho Hum 
6N-l2311N,+6N,+2N,,+4N,,+N,,+N,,+N,,. 
BY Eq. (1) 
6~N,-l2>llN,+6N,+2N,,+4N,,+N,,+N,,+N,,. 
Q5 
Canceling yields 
6 c Ni > 12 + 51% + 2N51 + 4N50 + N,s + N,z + N,l. 
i>7 
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Equation (3) implies 
6 1 Ni > 12 + 5 
( 
12 + 1 (i - 6) Ni + 2N5r + 4N,, 
i>7 i>7 
+ N,a + N,z + N,, 
which simplifies to 
0 3 72 + 2N5r + 4N50 + NT, 4 NT2 + NT, + 1 (5i - 36) Ni - 
i>7 
Isolating i = 7 we have 
N, 3 72 + 2N5r + 4Ng0 + h3 + h2 + K1 + is W - 36) Ni . 
When i > 8, i/2 < 5i - 36. Thus 
1 jNij < i/2Ni < (5i - 36) Ni . 
Equation (4) implies 
NT B 72 + 2N51 + 4N5, + NT3 + NT2 + NT1 + C 1 Nij 
Q3 i 
which implies 
N, 2 72 + 2N51 + 4N50 + 
( 
N,s + 2/3N,2 + 1/3N,, + l/3 c c jNij 
i@ i 
Lemma 9 implies 
N, 3 72 + 2N51 + 4N50 + Ns2 + g&i, b 72 + Ns . 
Again using Eq. (3) we have 
N,>72+ 12+ c(i-6)N, >N,. 
ia-7 
Evidently a 2/9 minimal graph cannot exist. What has just been shown is 
that the forbidden configurations listed in section 2 are on unavoidable 
set, i.e., every triangulation must contain at least one of them. 
Remark. Subsequent to the drafting of this paper the author discovered 
an algorithm which produces an independent set of the vertices of a 
planar graph with more than 2/9 of the vertices of the graph [I]. 
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